involves wetting only. One approach [2] represents gravity as a perturbation upon capillarity, valid for small times, while a second method [9, 10] involves an iterative scheme depending partly upon an analytical representation of the 'most important' part of the moisture characteristic-in the range close to saturation-leading to an asymptotic expansion uniformly valid in time.
Other asymptotic procedures are possible in the case of a gravity-dominated system, when capillarity introduces a singular perturbation. This holds for infiltration into fairly permeable soil, where the depth to the water-table is significant. One approach [7, 11] uses the Blasius boundary-layer technique, involving the smooth joining of approximate solutions at a chosen point on the moving profile.
This paper introduces a generalization of the latter problem, including an arbitrary time-dependent boundary condition as described in (c), for which case the effects of hysteresis (b) are encountered. It is necessary that the flow be stable, which means that effects (e) and (f) must be assumed small. The possibility of 'bound' water (d) can be taken into account without significant additional complication. In fact, the scope of the analysis becomes more extensive, since it is found to cover also the problem of singlecomponent ion transport with nonlinear adsorption [12] ,
The problem, which has analogies for nonlinear gas dynamics, is treated by the method of matched asymptotic expansions, and is applicable to waves of large amplitude. In regions of low moisture gradient, the moisture function is represented asymptotically by an outer expansion, the first term of which takes into account the gravity effect only. This term represents a 'kinematic wave' [13] , and is also associated with 'BuckleyLeverett theory' [7] . Higher terms of the expansion include the small diffusive effect due to capillarity. In zones of high moisture gradient, however, capillarity and gravity are of comparable magnitude and the outer expansion breaks down. This is analogous to the problem of a 'head shock' moving through a viscous gas [14] , The profile may then be represented by a suitable inner expansion. Particular attention is given to the location and description of the inner region.
Although this paper is not specifically directed towards the hysteresis problem (b), the point is made that some associated difficulties are reduced by the perturbation method. For the present, it will be assumed that an appropriate representation of the capillary potential as a function of changing moisture content can always be chosen.
Unsaturated flow equations.
Consider an isothermal porous medium in which the void spaces are partially filled with liquid, the remaining volume being occupied by air and vapour, so that the liquid phase moves under the influence of both gravity and capillary forces. At the very low Reynolds numbers characteristic of seepage flow, it is assumed that Darcy's law, well-established experimentally for saturated media, is applicable in the modified form [15] q = gmd {z* + p{e)/gp]
where Q is the volume flux of liquid per unit area, Z* is the upward vertical coordinate, (j is gravity, while p and n are the density and dynamic viscosity respectively of the liquid. The dimensionless moisture content 9 is defined as the volume of free liquid per unit volume of medium, including pores; its theoretical upper limit cannot exceed the porosity.
Since the density and dynamic viscosity of the gas are relatively small, gas pressure differences will be treated as negligible; also, to avoid the possibility of gravitational instability, it will be assumed that the gas can "escape" if necessary so that significant pressures are not built up.
Introducing a standard notation, let
represent the hydraulic conductivity and capillary potential respectively. Experimentally, as illustrated in Fig. l(a, b) ,-both K and ^ are strongly nonlinear, monotonically increasing functions of 9, which may vary through several orders of magnitude [16, 17, 18] . While hysteresis is negligible in the case of K(6), exhibits a pronounced hysteresis loop. Attempts to describe this in terms of Neel's independent-domain theory [19, 20, 21] have not been successful, and recent work [3, 4] considers interaction between domains. In the present paper, it appears desirable that the quantities K and ^ be retained as general functions, no approximations being considered in that aspect of the problem.
If the possibility of 'bound' (e.g. adsorbed) water is included, the equation of continuity is {0 + <x(0)} +divQ = 0
where T is time and <j(9) is the amount of bound water per unit volume. The curve of <x versus 6 will have positive gradient at very low values of 6, but will be expected to tend to a finite limit as 6 increases. Hysteresis effects are likely to be insignificant. Eliminating Q between (1) and (3), using (2), gives the transport equation
where ( )' = d/dd. The coefficient K^' corresponds to a diffusity, but is complicated by the hysteretic properties of Sl>'(d). Note that Eq. (4), with K'(8) -constant and replaced by a diffusivity coefficient, corresponds to the transport of an ion component in steady saturated flow with nonlinear adsorption [12] . In that case 6 corresponds to the ion concentration per unit volume of solid medium plus pores, and <j (0) is the concentration of adsorbed ion.
Flow in one space dimension (Z*). Let L be an external length of the macroscopic flow path such as porous layer depth or depth to a water-table, and define dimensionless variables
where Q is the flux in the Z*-direction and Kr = K(6r), etc. 6r is a reference value of the moisture content 6, chosen so that the dimensionless coefficients g(6), etc., are of order unity in the most important part of the moisture range (0 of order unity).
Also, let b(6) = e + <7(0)
represent the total volume of water per unit volume. If 'bound' water is neglected, <r(0) = 0. 
The magnitude of « is fairly insensitive to the particular choice of 6r . An assumed approximate K, Sf' relationship [22, 23] of the form K~1 dK/dty = a (constant) (8) in (7b) would give e = (aL) ~1 = constant. Since (8) appears adequate for some heterogeneous "natural" materials, e.g. loams [24] , it follows that (7b) represents a realistic choice of parameter. Perturbation expansions can be found for either large of small e, the latter case, with which this paper is concerned, being singular.
Infiltration to a water-table. Assume that the soil surface is horizontal, and take the origin of the dimensionless z-coordinate (directed upwards) at depth 1, corresponding to L in the original units, so that z = 0 is located at the mean position of the water-table. Variations in depth of the water-table will be assumed small in comparison with the scale L, i.e. £(<) « 1 (Fig. 2) .
The surface boundary condition may be expressed as a given time-varying flux or as a time-varying moisture content. For the former, from (1), (2) and (5),
where /(<) is a non-negative input function prescribed, for example, from precipitation data. In the present treatment it is necessary that j(t) be slowly-varying so that j'(t)/f(t), /"(0//(0> • < 0(1), except at isolated, finite discontinuities in /, which are admissible. Initial conditions, which would involve prescribing 6 as a function of z at, say, t = 0, will not be considered. The properties of the system are such that, if /(<) is prescribed for all t, the distribution at t = 0 is determined by f(t) for a finite range of t < 0. At the water-table, the coordinate z -£(<) is not known a priori, and depends upon the downward flux q,(t) of ground-water, which must be specified independently. The where 0, is the (constant) saturation value. A further condition is necessary in order to specify £(<) uniquely; the fact that the mean value of £(£) is assumed known (to specify the position of z = 0) suffices.
Outer expansion.
Consider first a regular expansion of 0 in powers of e:
Substitution of (12) into (7) gives
where b(6), g{0) and k (0) 
with surface boundary conditions (at 2=1) (9) . Since the order of this system is lower than that of the original one, it is not possible to satisfy the down-stream boundary condition (10) . Note that g (8) and the coefficients of its Taylor expansion, which depend only upon K(0), do not exhibit measurable hysteresis and therefore are regarded as one-valued functions of 0. b(0) is also onevalued.
Eq. (13) is equivalent to
where
Since 0('" is constant along any given characteristic, for which the characteristic velocity is -gw'/bw': the characteristics are non-parallel straight lines in the (z, <)-plane. The boundary condition (15) combined with (17) gives
writing
It is evident from (19) that $<0) can be defined as an inverse function, and is therefore a function of From (20) , the slope of the 0<O)-profile at (z, t) is
By means of (21), Eq. (14) can now be written in characteristic form as (22) and the boundary condition (16) becomes
since A = <!>""' at 2 = 1. Along a characteristic, each quantity with superscript (0) behaves as a constant. Therefore, integration of (22), subject to (23), gives
Eq. (24) exhibits the first influence of capillary hysteresis in the outer expansion, through the coefficient k<0) = k(0<o>), which is seen to be an effect of order e. The spacetime history of 0"", which is .independent of hysteresis, is known from (19) , (20) , and so the argument of k<(" is specified. Since the behaviour of an hysteretic function can be determined provided that its previous history is known, k"" can, in principle, be treated as a known function.
Properties oj the outer solution: discontinuities.
Except at zones of high gradient in moisture content 6, the principal descriptive features of the infiltration process can be deduced from the leading term of the outer expansion, which is not affected by capillarity.
Following a characteristic 8<a> = constant, the rate of change of gradient in the moisture content is given approximately by d/dl(d6w/dz) = -aw/A2 (25) from (21) . The denominator of (25) is finite except at certain singular points in the (z, <)-plane (discussed below). Away from these points, the gradient d0(n)/dz is seen to be increasing with time, irrespective of its sign, provided that a<0)' = (bi0)'/g{0) )' < 0; that is, the curve of hydraulic conductivity K(8) is concave upwards, which is the usual case. The effect is enhanced if the curve of 6(0> versus 0<O) is concave downwards, which is typical of adsorption processes. With the definition of the z-coordinate used here, a positive slope (advancing profile) steepens, while a negative slope, or "tail", becomes less steep. For the advancing profile, the condition d0(O)/dz > 0 gives A > 0 from equation (21) . However, since a<0>' < 0, A decreases with time and ultimately changes sign. When the steepening front becomes vertical (A = 0), the two conditions dz/d6m = d2z/ddm' = 0 (26a, b) must be satisfied simultaneously, giving
which determines the corresponding values of z, 0<O) and t. At subsequent times, the solution (19) is multi-valued over a finite range of 0"" and z, and therefore is not physically tenable. The appropriate one-valued solution possesses a discontinuity, or jump, in the value of d<0\ Such a discontinuity cannot have physical reality when e ^ 0, since the governing equation (7a) is then parabolic, and the outer solution actually breaks down in that neighbourhood. It is necessary to formulate an inner problem to cover the region in question, while retaining the concept of a discontinuous outer solution which is mathematically convenient.
In this first-order system, the motion of the jump is described by a single conservation condition, and a correction to the jump speed is made at each order of the outer problem. Let the discontinuity be located at z = f(<), where f(<) can be expanded in powers of e analogous to (11), viz., 
where the limits refer to values at the discontinuity, and
From (31) and (18) it is readily shown that l/ar < -r\t) < l/a2<0);
i.e., the jump speed is intermediate between the characteristic speeds ahead of, and behind, the jump. This follows at once since -f(0)' is given by the slope of the chord joining two points on the curve of gl0) versus bw, whereas l/a/0', l/a2<0> are equal to the slopes of the tangents at the two points. (Note that -f<0)' > 0 since flow is in the direction of decreasing z.) When Eq. (20) is applied at both ends of the discontinuity at z = f(<), it follows that
The results (35a, b) respectively are multiplied by (dOm/dt)i (i = 1, 2) and subtracted from, and added to (30). After expansion using (11) and (28), the 0(1), 0(e), ■ • • equations integrate immediately to
Here, use has been made of the result
An alternative derivation of (36) and (37), via the conservation integral, is stated in the Appendix.
Elimination of t and 1 -f<0)(<) between (35a, b) and (36) gives a relation between corresponding values of 0,"" and 02<o>, which can be written in the alternative forms
Either can be solved, explicitly or by iteration, in specific cases, and corresponding values of t and f<0> (t) follow by back substitution. The form (39a) is most suitable when er(0) = 0, (b'(d) = 1), so that l/a<0) = gi0)', while (39b) is preferable when g(0)' = 1, so that a(0) = b(oy. The representations (36 ff.) apply for a discontinuity which originates within the moisture profile such that 0 < f < 1 initially, and the range of integration covers values of d"" for which the outer solution does not exist physically. However, for a finite jump introduced at the surface z = 1 by a discontinuity in the function j(t) of (10), different integral representations are needed. For example, the integral in (36) and (39) is replaced by the difference of two separate integrals over the ranges 0i(o>(l, t) to 0i(0){f(0> ^1> where i = 1,2.
Discontinuity at downstream boundary.
In addition to the moving discontinuity described in detail above, a second kind of sustained discontinuity can arise in the outer problem. Since the outer expansion satisfies a first-order hyperbolic system, it is not possible to satisfy the downstream boundary condition (10) at the water-table, z = £(<), and a "backward-facing" jump appears. (Some linear problems also exhibit this property [25] .)
Upstream of (i.e. above) the water-table, the outer expansion (11) is applicable, and may be used to represent 0(£, t). The determination of £(<) then parallels that of f(<), putting di(t) = 0, , 02(<) = 0(£, t), g(di) = q,(t), dd/dz= 0, etc., with appropriate substitutions in the coefficients of the asymptotic expansions. The details of the analysis will be omitted.
Inner expansions.
The discontinuities described above are symptoms of the breakdown of the outer representation, and suitable inner expansions must be found to represent the solution in the neighbourhood of such points. For the cases considered here, it is readily shown that the appropriate scale for an inner "stretched" variable is t. In this problem, the inner representation covers the region where the diffusion term in (7) is as significant as the convection terms.
Moving discontinuity. Let the scaled coordinate Z be defined by in (7a), to give Z=\z-m A (40)
Here the diffusion term retains its full importance, and the inner problem exhibits quasisteady behaviour when t is small. obeyed by the coefficients, where b0 = 6(0O), etc.
Eq. (43), (44), • • • indicate that hysteresis is present at all orders, first appearing in (43) through the coefficient k0 . However, the problem remains tractable since the inner representation covers a region involving wetting only and for which the initial state in the hysteresis cycle is prescribed by the outer representation. This will become more evident with the matching of the inner and outer expansions.
Evidently (43) and (44) can be integrated as quasi-ordinary differential equations in z, treating t as a parameter. However, this situation does not hold when the diffusing front is within a distance of 0(e) from a boundary, such as the boundaries at z = 1, £(£).
That case will be excluded from the present discussion.
Two integrations of (43) 
in which A x (t) and Bi(<) are arbitrary functions. The lower limit in the integrals of (46a, b) has been taken zero for convenience in relating to the outer expansion. The determination of A0(t), Bn(t), Ax(t) and BL(t) involves both asymptotic matching and the application of the moisture conservation condition.
For the region close to the jump, write the outer expansion (11) 
where i = 1 for Z < 0 and i = 2 for Z > 0.
For the function A0(t), application of the matching conditions (48a) for i = 1, 2 to (45a), noting that dd0/dZ -» 0 in each case, gives AS) = tw'wr'(t) + gtm(t) = ^oy(t)b2w>(t) + g2m(f).
(51a, b)
The implicit relationship (51b) between dx""(() and d2i0\t) determines f<0>'(<); in fact, the jump condition (31) has been recovered.
To determine Ax{t), the matching conditions (48b) are applied to (46a), noting that ddJdZ -> (dd(0)/dz)i . If the subscript (<) is dropped temporarily, (52) for i = 1, 2, where the lower limits of the final two integrals correspond to Z = 0. In (52), use has been made of the relation
derived from (13) , which applies at the moving discontinuity. Elimination of Ax(t) from (52) gives
and the right-hand side is zero by (50a). Thus the jump condition (32) has been recovered. If Ai(t) is now eliminated between (52) and (46a), it is found that
for i = 1, 2.
At this stage, the inner expansion remains non-unique, since the matching requirements (48) have been satisfied without reference to the values of Ba(t) and £i(0-The terms involving B0(t) (corresponding to a small translation of the 0o-profile) and B i(«) (which vanishes in the matching) behave as eigensolutions [26] . These functions are determined by the conservation conditions (50a, b).
Substitution of (45b) for Z in (50a) gives at once wv dK 
The right-hand side can also be expressed in terms of 0O instead of Z. Eqs. (57) and (59) give the coefficients of the first and second approximations (the former in inverse form) for the inner expansion (42).
An expansion uniformly valid for all z-i.e. including the ranges of both inner and outer expansions-is readily formed by adding the outer and inner expansions (11) and (42), and then subtracting the 'common part' (47) [27] ; formally, 0(z, t) = em(z,t) + 0o(Z, t) -6,w(t)
where i = 1, 2 for z = f(<) + eZ 5 f(0 respectively. Asymptotic behavior. From the forms of the leading (dominant) terms it is readily verified that the inner expansion converges to the outer expansion exponentially rapidly when 0O -» 0/°' (i = 1, 2) for Z -> =F oo respectively.
In (57), if 0O -> 0,<O) with i = 1, 2, the dominant contributions arise from the second and first integrals respectively. Since 
For the asymptotic form of (59), it is sufficient to observe, from (61), (62) and (63),
OZj J o iCq
Then the integrand of the infinite integral in (59) vanishes exponentially at the limits; that is, the integral is convergent and Bi(t) exists. The first term of (59) matches successfully to the outer expansion for i = 1, 2, as it should, since the matching was performed on (46a) after a single integration of the differential equation (44).
Inner expansion at downstream boundary.
For the "backward-facing" profile at the water-table 2 = £(<), it is evident that a quasi-steady situation again exists, provided that the upstream value 0(£, t) (determined by the outer expansion) is slowly-varying. As before, the appropriate thickness scale is t, and a "stretched" variable Z can be defined using (40) with f(i) replaced by £(t). This replacement of f(t) is also made in equations (41) ff.
Expressions formally equivalent to (45), (46), ■ • • then follow, with arbitrary functions A0{t), B0(t), Ai(t), Bi(t), ■ ■ ■ to be determined. The problem differs mainly in the matching conditions; equations (48a, b) become
It is apparent that the water-table discontinuity is replaced by a smooth diffusionlike profile. The definition of the equivalent discontinuity by continuity requirements, as above, is convenient, and may coincide with a definition based on "capillary rise" which has appeared frequently in the literature.
Conclusion.
In this paper, the approach to solving equation (7) has been dictated mainly by the expected high degree of nonlinearity in the coefficients 6(0), g(0) and k(0), and the arbitrary nature of the input flux / (t) which may contain large-amplitude fluctuations. For solution by analytical means, there is some advantage if the system is hyperbolic, which is the case here when e = 0-a guide to the perturbation strategy actually adopted.
When e « 1, the physical properties of the system remain "quasi-hyperbolic", and large-amplitude waves in f(t) will propagate with change of form. The values of the second derivatives of 6(0) and g(d) are important, since the local wave velocity -l/a(0(O)) increases in magnitude with 9 provided that
In this case, the profile may be expected to steepen in the "forward-facing" direction, although the diffusive effect arising from capillarity prevents the actual formation of discontinuities. When the inequality in (65) is reversed, the steepening is "backwardfacing"-a situation which can arise in some problems of ion transport. Observed attenuation of maxima in some experimental moisture profiles arises from the modification of wave shape with time due to non-linearity. In the situation considered here, significant attenuation will not occur until a pseudo-discontinuity has formed and has passed through a maximum value; the subsequent decay in amplitude is dependent upon the shape of the "tail" in the profile behind the jump.
Capillarity has an important influence upon the shape of an advancing front, but the velocity of advance is modified (due to net diffusive transport into or out of the jump) to 0(«) only. For crests or troughs of the 0-wave far from a jump, the influence of capillarity is o(e). (0U) = 0 in (24) .) This supports the above contention that wave attenuation is mainly a non-linear phenomenon when e is small.
Capillary hysteresis influences the coefficient k(0) in equation (7) . A change of dependent variable from 0 to f k(0) dd would "linearize" the diffusion term, but the new variable would itself be subject to hysteresis. Fortunately, capillarity does not have a major effect upon the flow at small e, so that approximations to k(0) are worth considering. Also, the perturbation method implies a basic simplification, since the gravity-induced flow, corresponding to the first term in the outer expansion, involves only parameters which are not significantly affected by hysteresis. Thus the first term serves to determine a first approximation to the previous mositure history, independent of hysteresis effects. In principle, the corresponding capillary potential functions can then be determined,, either by means of a suitable theoretical hysteresis model or by simulation. In the case of the inner expansion, hysteresis appears at the first term, but the above argument still applies provided that rate-dependence is negligible.
Concerning the magnitude of the parameter e, it has been observed [23] that the range of a in (7b) is roughly 0.002 to 0.05, with typical values of order 0.01. For a sandy loam [17] , a 0.016 on a typical scanning curve of the hysteresis diagram. For e to be "small"-e.g. less than 0.3-it is evidently necessary that L be large, say 2 or 3 metres, and that the permeability should be fairly high, corresponding to the higher values of a.
Range of validity oj the method.
In the application of the perturbation method, the aim has been to provide expansions uniformly valid in space. Expansions uniformly valid in time have not been achieved. Instances of breakdown are (1) at the initial formation of a "head shock", (2) at the coalescence of two discontinuities, such as the arrival of the established "head shock" (discussed above) at the water-table, and (3) at the first appearance of a discontinuity at the inlet boundary z = 1 due to a finite discontinuity in /(<)• In (1), the outer expansion breaks down, and in all three cases the quasi-stationary approximation, for which the inner expansion is valid, breaks down. In the latter situation, the d2/dz2 term dominates the d/dz term, and is balanced by d/dt. Since the approximation regains validity after a time exceeding 0(«) has elapsed, the expansions are applicable for sufficiently large time.
A further special case can arise when the velocity function g'(fi) vanishes as 0 -> 0. Suppose that g'(6) ~ 0"(n > 0) and let 0 be small. (The case n = 1 corresponds to Burgers' equation [14] .) Putting 0 = e1/n0 in (7) gives
so that the first approximation is a stationary profile with 0 = ©(2). This would be the appropriate condition ahead of a large-amplitude wave moving into a region of low 0-values.
where Oiit), d2(t) represent values just ahead of, and just behind, the jump. For given t, z is assumed to be a known function of 6 through the asymptotic expansion (11) . Although the values assumed by z in the range of integration are not physically relevant, the solution satisfies formally the conservation condition. Evaluation of (Al) is not straightforward, since (11) is not uniformly valid in the range of integration. However, the singularity in 6 can be removed (at the expense of introducing a less troublesome singularity in z) by a coordinate perturbation analogous to Lighthill's method [28] . 
